SYMPLECTIC QUANTUM MECHANICS AND CHERN-SIMONS GAUGE 
THEORY II: MAPPING TORI OF TORI 



LISA C. JEFFREY 

Abstract. We compute the semiclassical formulas for the partition functions obtained 
using two different Lagrangians: the Chern-Simons functional and the symplectic action 
functional. 
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1. Introduction 

1.1. Chern-Simons gauge theory. This article is a companion to [20]. It treats Chern- 
Simons gauge theory and a second theory, symplectic quantum mechanics (SQM), a field 
theory in + 1 dimensions for which the Lagrangian is the symplectic action functional. 
This paper treats the special case of mapping tori of tori. We shall introduce a Lie group G 
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(usually G = SU(2)) and an integer parameter k (the level). The background for this paper 
is as in §1 of [20] . 

1.2. Summary of results. Our work treats the Chern-Simons partition function for map- 
ping tori E^ of surfaces E. In this article we treat only the case when E is a 2-torus. The 
main aim here is to use the reciprocity formula for Gauss sums to demonstrate the large k 
limit (??) of the Chern-Simons partition function for mapping tori of tori. As a complement 
to [20], we also compute the SQM partition function explicitly and show the terms in it agree 
with those in the rigorous large k limit of the Chern-Simons partition function. In this case, 
a formal argument shows the stationary phase approximation to the Chern-Simons partition 
function is exact (i.e., the action is precisely quadratic.) This is confirmed by our rigorous 
calculations in [19J, recalled in §5j 

Here we restrict the explicit treatment of symplectic quantum mechanics to mapping tori 
of tori. When E is a torus, the stationary phase approximation to the symplectic quantum 
mechanics path integral is indeed exact. We may thus expect exact agreement with the 
value for the partition function, rather than agreement only with the leading term in an 
asymptotic expansion. We present two computations. For G = SU(2), we have treated an 
arbitrary element U of SX(2,Z). For arbitrary classical groups G, we have for simplicity 
treated only U = TPS (see (HTJ and flTJJ) below). 

The notation in this paper is as in [20]. The remainder of this article is organized as 
follows. In £J2] we specialize to mapping tori of tori. We prove (formally) the exactness of 
stationary phase (Proposition 12.41) . and explicitly evaluate the quantities appearing in the 
stationary phase approximation of SQM. 

§3]computes the SQM partition function. In §H we discuss the natural framings of mapping 
tori of tori, and how they enter in the comparison of the Chern-Simons and SQM partition 
functions. §5] recalls results from [H] which give the large k limit of the Chern-Simons 
partition function using Gauss sums. In fact this calculation demonstrates that the large k 
expression gives the exact value, in accordance with our formal argument in £J2J 

The main result in this article is the comparison of the semiclassical formula for SQM with 
the semiclassical formula for Chern-Simons gauge theory of a mapping torus of a torus (the 
critical points of both Lagrangians correspond to fixed points of the diffeomorphism defining 
the mapping torus) - see Proposition 13.31 and (|T9|) . 



Remark: Much of the material in this article derives from the author's D. Phil, thesis \IE 
Some other results from this thesis have already been published in [Tj5] . 



2.1. General method. The case of mapping tori of tori is simpler in many respects than 
the general described in the introduction. Examples of three- manifolds E^ for E a 

torus may be obtained by 0-surgery on fibred knots whose fibre is a punctured torus: some 
of these are discussed in [21] . 

One difficulty with the torus case is that the moduli space .M (E) is singular, as is obvious 
from its description as a quotient space (T x T) jW . Some of the fixed points of the symplectic 
diffeomorphism / of T x T/W are in fact singular points, notably the product connection. 
It is not obvious how to rigorously define the quantities det D x and Tr f x appearing in the 




2. Mapping tori of tori 
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contribution to the SQM partition function from such fixed points x. These points are points 
fixed by some nontrivial w G W: for SU (2) they are the central flat connections. 

We shall circumvent this difficulty by working on T x T. Observe that if A G T x T is a 
fixed point of a linear map U acting on T x T/W, then there is some w G W such that A is 
a fixed point of wll acting on T x T. The SQM data det Da and Tr Ja for the map f — U 
on T x T/W thus naturally correspond to the SQM data for / = wU on T x T. (Here, 
Da is the operator — | J(4 + E) defined in [20]) It is thus natural to consider all such maps 
/ = wU on T x T and sum their SQM partition functions. In fact, A solves wUA = A in 
T x T if and only if w'A solves w'w(w')~ 1 U(w'A) = w'A, so it is necessary to divide our 
fixed point sum by \W\. 

This prescription determines TtJ'a and det Da for A G T x T, provided A is fixed by only 
one of the maps wU, i.e., provided no nontrivial element of W fixes A. For those elements 
A which are fixed by some element in W, we sum the contributions to the SQM partition 
functions for all wU that fix A. 

The regularization procedure for the eta invariant for a general moduli space (see [20] ) 
enables us to replace the difference of eta invariants r)(A + ) —r](AJ) by a shift in the coefficient 
of the symplectic action functional S(A + ) — S(A_) from k to k + h, plus a term involving 
the spectral flow mod 4 of the path of operators between Da + and Da_ associated to the 
gradient of the symplectic action functional. If A + and A_ G T x T are fixed by w + U, 
W-U where w + and W- are different, we cannot naturally define the spectral flow between 
Da + and Da_ • We can, however, always define the spectral flow of the family of operators 
associated to the gradient of the symplectic action functional for / = wU from a fixed point 
A of / to the product connection Aq, since Aq is fixed by wU for all w. In fact, it turns 
out (see Proposition 12. Tj) that this spectral flow is zero. We thus just need an ansatz to 
replace the spectral flow between the operator Da {wU) and the operator Da {U). This 
ansatz (based on the results of our rigorous calculations using Gauss sums) is 

(1) SF(D Ao (U),D Ao (wU)) = 1 -detw (mod 4). 
This gives the formula 

(2) Z SQM (U, k) = ^^ ^ -— £ £ det w —J* 

\\ W W w€W AeTxT: \\ det Da(wU)\\ 

wUA=A 

Here, h{Aq) is the "defect" resulting from a certain integer choice. This is (5.11) in [T9], 
which requires Conjecture 5.8 in that paper. This conjecture has been proved by Himpel in 

HZ). 

Remark 2.1. Even without the factor the overall sign of the SQM partition function ([2]) 
is ambiguous: if —1 G W, then under replacement of U by —U, the SQM partition function 
changes by detw, which is 1 or —1. 

2.1.1. Regularization of eta invariant: the torus case. In regularizing the eta invariant in 
SQM for a symplectic manifold N, we obtained a correction term — 2(^ J-TrFy), where 
TrFy was the curvature of the canonical bundle K, of N, viewed as a bundle over the mapping 
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torus Nf. We replaced this by 2 fa, where a was a 2- form on iV representing the cohomology 
class C\{JC). 

In the case when N = T xT/W, one must make sense of the canonical bundle of T x T/W 
rather than using the canonical bundle of T (which is of course trivial). Observe that for a 
branched covering N A M of complex manifolds, we have the "Hurwitz formula" 



where D is the divisor corresponding to the branch locus (taken with some multiplicity). For 
us, N = T x T, and M = T x T/W is no longer a manifold. Nonetheless, we adopt this as 
a definition of 7t*ci(/Cm); this yields (see [8], (5.30)) 



tt*ciK. TxT/w = 2hy—j, 

where u is the basic symplectic form. This leads as before to the shift of the coefficient of 
the symplectic action functional from k to k + h. 

2.2. Lifting / to the prequantum line bundle. We now discuss the SQM data for M. 
when E is a torus. We may view t © t as a subspace of the space of connections A on E, 
and the actions of W and A = A R © A R as gauge transformations. It is easy to check by 
explicit calculation that our lifting of these actions to C coincides with the lifting via the 
Chern-Simons functional described in [20] (see (68) in that paper). 

Notation: The diffeomorphism /3 of E corresponds to an element U G 5X(2,Z). We shall 
write / or fu for the corresponding map on T x T/W, and / or fu for its lift to the 
prequantum line bundle C over T x T/W or T x T. 

We now choose a lift of fu : Ai — >■ M. to C, preserving the connection. We choose the 
trivial lift to the trivial bundle over A: 



This is easily shown to preserve the connection on C. However, all lifts to the prequantum 
line bundle preserving the connection coincide up to a constant in Z7(l). That the lift (j3J) 
coincides precisely with the lift using the Chern-Simons functional follows from the fact that 
they agree on the product connection A = 0. 

We need to choose a lift of : E — > E to (5 : Ps - > Pn, and a flat connection Aq preserved 
by /3. We do this by choosing a trivialization of Ps and letting Aq be the product connection 
and ft the trivial lift. This choice of /3 then preserves the subspace A of connections with 
constant coefficients in t. We identify A Q with G t; this enables us to lift the action of $ 
on T x T to the linear action of U on A. Of course the connection on the symplectic affine 
space A is simply the restriction to A of the connection defined in [2U] . 

We now show 

Lemma 2.2. The lift of U G SP(2,Z) given by (0) and our lift of w G W are equivariant 
with respect to the action of the lattice A on C 

Proof: Write V for the corresponding linear maps on t © t. The equivariance condition is 
characterized by the following equation on C = A x C: 



(3) 



7t*ci/Cm + D = ci/Cjv, 




(4) 



fu(A,z) = (UA,z) 



(VA + VX, e x {A)v) = (VA + VX, e v{x) (VA) v). 
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Now 

e vw (VA) _ e(VX) 
ex(A) e(A) ' 

so we need e(VA) = e(A). Actually we need only check this for A in some basis of lattice 
vectors. 

We fix the coroot basis {h a } of A R , and correspondingly a basis {ha\ ha } of A R © A R . 
We define the theta-characteristic by 

(5) £(/#) = 1. 

Then for U G SX(2,Z), UhJ^ = mha + nh^ for some m, n G Z; because /i Q does not mix 
with the other coroots hp, (3 ^ a under U and because (h a , h a ) G 2Z, we have e(Uha) = 1. 

Similarly for u> G W 7 , w /i« = riphp. the two summands ti and t 2 in t ©t do not mix. 

So since u pairs ti with t 2 , again e(wha ) = 1- Hence the definition (j4j) does indeed give a 
lift to £. □ 



Remark 2.3. : Theta-characteristics 

The choice of a theta characteristic for a bundle £ on T x T is the specification of u>i(£) 
G i? 1 (T x T, Z2). We know that (T x T)/W is simply connected, so bundles with different 
choices of theta-characteristic on T x T descend to isomorphic bundles on T x T/W, and 
the choice of theta-characteristic is irrelevant for our purposes. For convenience in specifying 
the lift of SL(2, Z) to C, we make the particular choice (|5]) for the theta characteristic. A 
different choice would force us to choose a different lift in order to make it equivariant with 
respect to the A action. 

The theta characteristic we have chosen is obviously identically 1 in the SU(2) case. □ 



2.2.1. Stationary phase approximation. 

Proposition 2.4. The stationary phase approximation for the SQM partition function cor- 
responding to the moduli space of flat connections on a torus is exact. 

"Proof" (formal): We view TxT as (t©t)/(A R ©A R ). A basis of t then defines coordinates 
on T x T, in which the symplectic form u on t © t is a 2-form with constant coefficients and 
the diffeomorphism / is a linear map. The Lagrangian is defined by parallel transport in C 
around a path 7 with /(7(d)) = 7(1). Near a critical point x this is given by 
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where u(t, r) : R x / — y N is a homotopy from the constant path r y XQ to 7 with u(t + 1, r) = 
f(u(t,r)). Because / is linear, we may take u(t,r) = ry(t). Because uj has constant 
coefficients, the integral becomes 

/ ru(j,j) dtdr = - I u(j,j)dt, 

Jlxl 1 J I 

which is precisely quadratic: hence the stationary phase approximation is exact. □ 



2.3. Fixed points of /, and action at the fixed points. If A is a fixed point of / on 
T x T/W, there are w & W and A G A such that 

(6) wUA - A = X 

in t © t. The trace of / at a fixed point is computed as follows: 



In other words 
(7) 

Explicitly, 



wf{A,v)= {wU{A),v) = {A + X,v) 
(A e\(AY 1 v), 

Trace/U = e A (A)- 1 



exp -ku(A, A)e fc (A). 



Lemma 2.5. The fixed points A\ are in correspondence with A = (Ai, A2) G A/(wlI — 1)A; 
we define 



A, 



A, 



(wU-lY l X. 



Furthermore, the trace of the lift f at the fixed point A\ is given by 



(8) 



Trace/U A = exp ^ u ([wU - l)~ l X, A) e fc (A), 



= exp (-ikn ([wU - 1] _1 A, SX)) e k (X) 

where the theta- characteristic e(A) is defined by (TJJ). □ 

By the discussion after (J3|), we actually have that 
(9) Trace/U = e 2mC5(i) , 



where A is the flat connection on corresponding to A. This proves: 
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Theorem 2.6. The Chern- Simons invariant of the flat connection A\ on the mapping torus 



Tjjj of the torus S is: 

1 , , s l°> ife(\) = l] 

CS(A\) = — U ( (wU — l) A,A) + < □ 

47F \h ife(\) = -l. 

Kirk and Klassen (|21j. Th. 5.6) have obtained this result for G = 377(2). 

2.4. Absolute value of determinant. As discussed in [20J, for the SQM operator D, the 
value of | det D\- 1 ' 2 is | det(d/ - 1)T 1/2 , where df : T X M -> T X M at the fixed point x of /. 
For M = T x T/W this becomes 

(10) | detZ^I" 1 / 2 = \det(wU- 1)\- 1/2 , 

for w, U acting on A. 

2.5. Spectral flow. Recall that D was —^(d/dt + E), where E was chosen in sp(2n) <8> C 
such that exp E = wf. Above (pQ), we have discussed the ansatz to make sense of the spectral 
flow between fixed points of U and fixed points of wU, when w ^ 1. Here we show the 
following: 

Proposition 2.7. Consider the spectral flow of the operator T> corresponding to the gradient 
of the symplectic action functional. Consider a fixed value of w G W. Between two fixed 
points x + ,X- of wU in T xT, this spectral flow is 0. 

Proof: The spectral flow between x + and x_ is the difference of Maslov indices fi(x + ) — 
/i(x_). The Maslov index /x(^) is associated to a path \1/ in Sp(2n, M). Appropriate paths \l/± 
are obtained from a trivialization of the tangent bundle (satisfying appropriate periodicity 
conditions) over a strip joining the two fixed points x + and x_. (For details see [10] after 
equation (4.4).) Using the canonical trivialization of the tangent bundle of T x T and a path 
of linear symplectic maps ft € SL(2, M) joining 1 and U, one easily sees that a trivialization 
may be constructed so that the paths \&± are the same. Thus the associated Maslov indices 
are the same. □ 



3. SQM PARTITION FUNCTION 



U 



3.1. G = SU(2). We shall present the calculation of the SQM partition function for TxT/W. 
We denote by U an arbitrary element 

a b 
c d 

of SL(2, Z) (provided U is not parabolic, i.e., Tr(U) ^ ±2). 

We wish to compute the SQM formula (TJ]) for the mapping torus partition function. From 
ffTU]) . we need the quantity 

det(tut7-l) =2T{a + d). 



Equation (jSJ) allows us to evaluate the action: 



(wU-1)- 1 



a + d T 2 



d=F 1 -b 
—c a =F 1 







= 


-*< 


(wU 










A, (wU* - 




where 












(11) 





1 


-1 





G 5L(2,Z) 


and 












(12) 


T = 


" 1 



1 " 

1 




G SL(2,Z) 



descend to generators of the group PSL(2, Z). (Here, (*, ■) is the inner product on t ©t, and 
S G SX(2, Z) acts on t © t.) For SU{2) this becomes 

2-7T 

(13) L(A X ) = -cA 2 + &A 2 + (a - d)AxA 2 ) , 

where we have used the coroot basis and the inner product to identify A R with Z. Our 
expression then reads 



(14) 



x 



± A 



x ( >xp ^ 2^-^- (-cAx 2 + 6A 2 2 + (a - d)AiA 2 ) ) , 



where we sum over A = (Ai, A 2 ) G A/ {±U — 1)A. 

3.2. General G. In the case of general G we shall restrict ourselves for simplicity to one 
specific family, namely those U G SL(2, Z) for which c — 1. 

Notation: p will denote Tr(U). 



Lemma 3.1. We have 



det(w <g> U - 1)| = | det(Tr(£/) - w - w~ l ) 



Proof: If the eigenvalues of U are A, A 1 and those of w are \i then this breaks up as 

1/2 

LHS = Y[(Xn - 1) (A"V - 1) (A/1" 1 - 1) (A" V 1 - 1) 



n(^ V V 1/2 " A~ 1/2 /i" 1/2 ) (A- 1/2 /x 1/2 - A^V 1 / 2 ) 



J^J(A + A -1 - [i 



-i\ 



RHS. □ 
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Lemma 3.2. A basis of representatives for A/ (wU — 1)A is given by 



(7,0), a G A R /(p-w- w _1 )A 



1\ aR 



Proof: By Lemma 13.14 these sets have the same number of elements. Now 

(wU - 1)A = (U - w _1 )A, where 



U-w- 1 



a — w 1 6 
c <i — w~ l 



As c = 1, there is clearly a basis of representatives of the form (a, 0) (since there is an 
element of (U — u> _1 )A of the form (n, 1)). Also, 



a — w 1 b 
c d — w^ 1 



-(d — w 1 )a 
a 



[p — w 1 — w]w 1 (J 




so for any cr G A R , [(p-w- w _1 )cr, 0] G (wU - 1)A. □ 

Remark: As a set of representatives A G A can be chosen in this way, with the second 
component A 2 equal to zero, it is easy to see that the theta characteristics e(A) can be 
chosen as 1. 

We need the factor 

L(A) = -2ir(A x ,S\) = 2n(A 2 ,a), 
where (wU — 1)A = A. Explicitly, 



aw — 1) bw 




" A 1 ' 




a 


cw (dw — 1) 




A 2 








so substituting for Ai, we obtain 

A 2 = (w + w~ x — d — a)~ 1 a. 

Thus we have 



Proposition 3.3. The overall SQM formula for the mapping torus partition function is 



Z S QM(U,k) 



det(u>) 



-y — 



w — w 



X 



x exp <| —mi ( (p — w — w x ) 1 a,(T^|>. 



□ 



Here the second sum is over a G A R / (p — w — w 1 )A R , and \i is the "defect" from [20] (see 
(68) in that paper). 

9 



4. Framings of mapping tori 



The Cher n- Simons- Witten invariant of a 3-manifold Y depended on the specification of 
a 2-framing (a trivialization of 2TY). For a discussion of how this dependence shows up 
in the path integral, see §5.4 in [20] For mapping tori of surfaces S, the possible 2-framings 
correspond to maps from the mapping class group T to its Z-central extension T (see [5]). 
One such map s corresponds to the canonical framing (see §5.4 in [20J ) ). If £ is a torus, 
the extension actually splits, so another framing is defined by the unique homomorphism 
Si : T — > T. The discrepancy between the framings s and Si is discussed in [I], [5]: it is 
identified as the signature defect of £[/ in the framing si (as the framing s is the one giving 
zero signature defect.) We have ([1], 6.15 and 5.4): 

(15) si(t7) - s(U) = $(£/) - 3 sign c(a + d), 

where and &{U) is the Rademacher phi function [23]. (Actually, if U is hyperbolic, the 
signature defect of the mapping torus is equal to its eta invariant in a natural metric: 
see [5]. In other words, in this case there is a canonical metric for which the "counterterm" 
vanishes.) 

If U is hyperbolic, and conjugate to diag(e h , e~ h ), then (see jl], (5.51)) the framing si on 
T,u can be constructed quite explicitly: it corresponds to using diag(e* h , e~ th ) (0 < t < 1) 
to define a path in the space of framings on S, and hence a framing on S^. For simplicity, 
we restrict our comparison of phase factors to the case when U is hyperbolic (i.e., when 
||Tr(f/)||>2.) 

Remark 4.1. Framing assumption: Note that the symplectic quantum mechanics parti- 
tion function contained an overall fourth root of unity i^ corresponding to the choice of a 
trivialization. The formulas in this section are for the case when i^ = 1. 

4.1. SU(2) case. Apart from the factor in (TT4|) . the discrepancy between (1141) and f)19p is 
a factor 

iKC, sign c ( d + a±2 ) 

multiplying the trace partition function. If U is hyperbolic, this is just ^ S1 g nc ( d + a )-* s ig n c . 
Our discrepancy is 

£2-V>-2 sign c(d+a)+2 sign c-2 = sign + a )^ ; 

so we have 



(16) TrH{U) = C m} sign (d + a)Z SQ M^u)- 

4.2. General G. The phase discrepancy between the SQM result (Proposition 13.31) and the 
result (pTj) for TilZ{U) is now 

• ia+i / • IpI 2 \ ■ , sign det(p - w - w;" 1 ) 
r +l exp|-pz7r— j. exptTcl . 

In the case when \p\ > 2, this is 
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signp 



(17) i' A+ ' exp|— pi7r-^— | expiirl- 

Using |A + | = (dimG — l)/2, this becomes 

A I r dimGi I sign p + dim G - 
i> +l exp| — 2mp — — — j expire 

In this case, the expected correction factor caused by the framing is 

2iziil){U) dimC' 



exp , 

and ip(U) in this case is p — 3 sign p. A short calculation shows that equations (jl8jl and (fTTj) 
differ only by a sign ( signp)' A+ L 

Thus, up to a sign, the difference between the trace calculation and the SQM calculation 
for i M = 1 is accounted for by a change in framing, embodied in the factor ip. The sign 
ambiguity is to be expected from the definition of the SQM partition function (see Remark 
12. ip . although we do not know how to resolve it. 

Remark: Notice that once the phase has been corrected (by the procedure for regularizing 
the Chern-Simons theory eta invariant, described in §5.4 of [20], one obtains exact agreement 
between the SQM result (or equivalently the stationary phase expansion of Chern-Simons: 
see §4 of [20]) and the result for TrlZ(U). This is in contrast to the lens space case (see |19j). 
where one only obtains asymptotic agreement with the stationary phase formula. 



5. Gauss sum derivation of Chern-Simons partition function 
5.1. G = SU(2). Equation (4.7) of [IJ reads as follows: 



(19) 



Z(U,r) ^ ± 2i\c\^\dTa~±2\ K{U ^ 



sign (c(d+a±2)) 



Id ^ 21 . - C7 2 + (a-d) 7 /3 + 6/3 2 
> 2 exp 2-Ktr 



d+ a ± 2 

(mod c) 7=1 

Up to the phase which was the subject of §H this is the SQM result ffl~4"|) . Note that the 
SQM result was expressed as a sum over a fundamental domain of A under the action of 
B — 1 ± U. The equivalence of this with (}T4"]) is established by the following observations: 

(1) detB = 2±a±d. 

(2) The sum 



|c||d+a±2| |d+a±2| 2 



(20) Yl ex P 2?nr 



-C7 2 + (a - d)y(3 + b/3 



2 



d + a ± 2 

/3=1 7=1 

equals ||detS|| times the sum in ( fT9l) . If (a, b) of A = Z 2 is such that detS di- 
vides a and 6, then (a, 6) is in £?A, so the points ({3,y) = (0, \d + a ± 2|), 7) = 
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(|c||d + a ± 2\, 0) are in BA. Hence fl20l) covers precisely | det B\\c\ fundamental do- 
mains (as it covers an integer number of domains, each of which contains | det -B | 
points). □ 



5.2. General G. The conjugacy classes of U for which c = 1 can be represented by U — 
T P S, where T and S are elements of SL(2, Z) which descend to the standard generators of 
PSL{2,Z) (see (dU) and flT2)). We obtain 



(21) Z = Ti(T p S) = i lA+l 



vo 



i(A w ) 1/2 r pi-K(p, P ) 



rvolA R 



exp <; ^ f x 



x det(w) J^exp \—((p-w-w l ) (A + p) , A + p ) L 
a ^ ^ 
where the sum is over A G A w satisfying an integrality condition. 

Let us analyse the symmetries of the trace sum (121]) with a view to expressing it as a sum 
over A w /rA w . Define (for A G A w ) 

/ \ \ , ,/ x m({p-2w)X,X) 
9( x ) = det(w) ■ exp . 

The trace is obtained by summing g(X) over weights 



{A = p + p : p G FWC, (p, a m ) < k}, 



or 



Z = £>(A) 

A 

where the sum is over {A G FWC | (A, a m ) < k + h.} 
The following result is [19], Proposition 4.4: 

Proposition 5.1. g(X) is invariant under: 

(i) A — > —X (obvious) 

(ii) A -> uX,u G W : for 

(uX, (p-2w)uX) = (A, {p-2{vT 1 wu)}\) . 

(iii) A — > X + rh a , a any root (h a denotes the corresponding coroot 2a/ (a, a)). For 

A + r/i a , (p - 2w) ( A + r/i a ) J) 

-(A , (p - 2w) A) + 2( /i Q , (p - 2w)A ) + r( /i a , (p - 2w)/i Q ). 
r ' ' 

The second term is obviously in 2Z, since ft, Q is in the integer lattice. The third term is also 

in 2Z, since (h a , h a ) G 2Z (a property of the basic inner product), and 

2(wa, h a ) 



(h a ,wh a ) 



(a, a) 
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(iv) g(X) = for a weight A with (A, a) = rn for any root a (n G Z). 
The following result is Proposition 4.5 in [19]: 

(22) HTHU) = exp {_^} ilA + l exp jjrfjg^tCaj I^W|- /2 X 

x det(w) exp —in(fi, rB" 1 ^). 

w&W ^eA R /BA R 

The last expression equals what we obtained (Proposition I3.3j) from the fixed point calcula- 
tion, up to the phase which we investigated in the previous section. 



References 

[1] J. Andersen, The Witten-Reshetikhin-Turaev invariants of finite order mapping tori I. J. Reine Angew. 
Math., to appear. 

[2] J. Andersen, B. Himpel, The Witten-Reshetikhin-Turaev invariants of finite order mapping tori II. 
Quantum Topology 3 (2012) 377-421. 

[3] M.F. Atiyah, Circular symmetry and stationary-phase approximation. Colloquium in honour of Lau- 
rent Schwartz, Vol. 2, Asterisque (1985), 43-60. 

[4] M.F. Atiyah, The logarithm of the Dedekind r\ function, Math. Ann. 278 (1987) 335-380. 

[5] M.F. Atiyah, On framings of 3-manifolds, Topology 29 (1990) 1-8. 

[6] M.F. Atiyah, The Geometry and Physics of Knots, Cambridge Univ. Press (1990). 

[7] M.F. Atiyah, V. Patodi , I.M. Singer, Spectral asymmetry and Riemannian geometry I, II, III, 
Math. Proc. Camb. Phil. Soc. 77(1975) 43-69; 78 (1975) 405-32; 79 (1976) 71-99. 

[8] S. Axelrod, S. Della Pietra, E. Witten, Geometric quantization of Chern-Simons gauge theory, 
J. Differential Geom. 33 (1991), no. 3, 787-902. 

[9] S. Deser, R. Jackiw, S. Templeton, Topologically masssive gauge theories. Ann. Phys. 140 (1982) 
372-411. 

[10] S. DOSTOGLOU, D. Salamon, Instanton homology and symplectic fixed points, Symplectic geometry, 

, LMS Lecture Notes 192 (1993), Cambridge U. Press, 57-93. 
[11] G.V. Dunne, R. Jackiw, C.A. Trugenberger, "Topological" (Chern-Simons) quantum mechanics, 

Phys. Rev. D 41 (1990) 661-666. 
[12] A. Floer, Morse theory for Lagrangian intersectionsx, J. Diff. Geo. 28 (1988) 513-547; A relative 

Morse index for the symplectic action, Commun. Pure and Applied Math. XLI (1988) 393-407; The 

unregularized gradient flow of the symplectic action, Commun. Pure and Applied Math. XLI (1988) 

775-813. 

[13] D. Freed, R. Gompf, Computer calculations of Wittcn's three-manifold invariants, Commun. Math. 
Phys. 141 (1991), 79-117. 

13 



[14] D. Freed, Reidemeister torsion, spectral sequences and Brieskorn spheres, J. Reine Angew. Math. 
429 (1992), 75-89. 

[15] S. Garoufalidis, Relations among 3-manifold invariants, Univ. of Chicago preprint (1991). 
[16] V. GUILLEMIN, S. Sternberg, Geometric Asymptotics (Mathematical Surveys 14), American Math. 
Society, 1977. 

[17] B. Himpel, A splitting formula for the spectral flow of the odd signature operator on 3- manifolds 

coupled to a path of SU(2) connections. Geom. Top. 9 (2005) 2261-2302. 
[18] L. C. Jeffrey, On Some Aspects of Chern-Simons Gauge Theory, D. Phil, thesis, Oxford University, 

1992. 

[19] L. C. Jeffrey, Chcrn- Simons- Witten invariants of lens spaces and torus bundles, and the semiclassical 

approximation. Commun. Math. Phys. 147, 563-604 (1992). 
[20] L. C. Jeffrey, Symplectic quantum mechanics and Chern-Simons gauge theory I. Preprint, 2012. 
[21] P. Kirk, K. Klassen, Chern-Simons invariants of 3-manifolds and representation spaces of knot 

groups, Math. Ann. 287, 343-367 (1990). 
[22] A. Pressley, G. Segal, Loop Groups, Oxford University Press, 1988. 

[23] H. Rademacher, Topics in Analytic Number Theory (Grundlehren der math. Wissenschaftcn v. 169), 
Springer- Ver lag, 1973. 

[24] T.R. Ramadas, I.M. Singer, J. Weitsman, Some comments on Chern-Simons gauge theory , 

Commun. Math. Phys. 126 (1989) 409-430. 
[25] D. Ray, I.M. Singer, R-torsion and the Laplacian on Riemannian manifolds, Adv. Math. 7 (1971) 

145-210. 

[26] E. Witten, Quantum field theory and the Jones polynomial, Commun. Math. Phys. 121 (1989) 
351-399. 

[27] E. Witten, On quantum gauge theories in two dimensions, Comm. Math. Phys. 141 (1991), 153-209. 
[28] N. Woodhouse, Geometric Quantization, Oxford University Press (1991). 

Department of Mathematics, University of Toronto, Toronto, Ontario, Canada 
E-mail address: jeffrey@math.toronto.edu 
URL: jhttp: //www. math. toronto . edu/~jef f rey 



14 



